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PHYSICAL REVIEW. 


EFFECT UPON THE PERSISTENCE OF VISION OF 
EXPOSING THE EYE TO LIGHT OF 
VARIOUS WAVE LENGTHS.' 


By FRANK ALLEN. 


N the early part of this century Plateau* engaged in some re- 
searches upon the persistence of vision. A disc composed of 
alternate black and white sectors was rotated at a speed just suffi- 
cient to give the surface the appearance of a uniform illumination, 
the velocity then giving the measure of the duration on the retina 
of the images of the white portions. By replacing the white 
sectors in turn with others of red, yellow and blue, he found that 
the duration of the images was different for the different colors, be- 
ing least for the yellow and greatest forthe blue. In amuch more 
recent paper * the same writer extended his investigations, but used 
no method capable of giving more accurate or more comprehensive 
results. 

Shortly after the publication of this latter paper, E. L. Nichols * 
introduced the method of using the spectrum instead of pigmen- 
tary colors. In the path of the ray of light producing the spec- 
trum was placed a disc with alternate sectors cut out, the rotation 

1 Read before the American Association, New York, June 27, 1900. 

2 Plateau, Dissertation sur quelques propriétés des impressions produits par la lumiére 
sur l’organe de la vue. Liege, 1829. 

> Plateau, Sur une loi de la persistance des impressions dans l’oeil, Bruxelles, 1878. 


4 Nichols, On the duration of color impressions upon the retina. Am, Jour. Sci., 
Vol. 28, 1884. 
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of which gave flashes of light followed by equal periods of dark- 
ness causing a flickering of the portion of the spectrum in the 
field of view. The measurement of the velocity of rotation of the 
disc, at the point when the rapid flickering gave way to a continu- 
ous band of color, determined the duration of the maximum in- 
tensity of the sensation. A series of observations throughout the 
spectrum showed that the duration of the color sensation was least 
in the neighborhood of the D line, and increased towards both ends 
of the spectrum, the duration at the extreme violet being much 
greater than at the extreme red. 

Taking advantage of this method, Ferry’ made a more extended 
study of the persistence of vision, in which he increased the ac- 
curacy of the measurements by using an electric motor to rotate the 
disc the speed of which was recorded electrically on paper placed on 
the cylinder of a chronograph. With this apparatus Ferry more ac- 
curately investigated the law of the duration of retinal impressions, 
showing that it was a function of the luminosity and entirely independ- 
ent of the wave length. In addition to this he obtained the per- 
sistency curves for a number of color blind persons. Comparison 
of their curves with that obtained for a perfectly normal eye dis- 
closed the fact that in the regions to which the eye was color blind, 
the values of the persistence were greater than in the normal, while 
not differing in other parts of the spectrum. 

In his investigations, Abney’ has shown that the luminosity and 
persistency * curves of persons naturally color blind, or made so by 
disease, or by continued use of narcotics, invariably differed from 
similar curves for the normal eye. 

Very recently Burch‘ has studied the spectrum by producing 
temporary blindness to the different colors in turn. Sunlight was 
allowed to stream through glass of the desired color and focused 
on the eye by means of a lens. After exposure for some minutes 
to this intensely bright color, the retina becomes irresponsive to that 


1E.S Ferry, The Persistence of Vision. Am. Jour. Sci., Vol. 44, 1892. 

2Capt. Abney, Colour Vision. Tyndall lectures at Roy. Inst., 1894. 

> By ‘* persistence’’ Abney means the reciprocal of the intensity of the light at the 
point of extinction, which is different from the meaning of the word in this paper 

*G. J. Burch, On artificial temporary color blindness. Proc. Roy. Soc., Vol. 63, 


1898, p- 35- Abstract. ) 
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particular sensation, remaining so fora length of time depending on 
the wave length of the fatiguing color. The recovery of the retina 
was most rapid from the red and least from the violet. By this 
method, Burch confirmed the fundamental color sensations of the 
Young-Helmholtz theory, but in addition claimed evidence for be- 
lieving blue to be a fourth sensation. 

It was suggested to the writer that a combination of this method 
with that of Ferry would probably lend itself to a more conclusive 


determination of the fundamental color sensations. 


DESCRIPTION OF APPARATUS AND METHOD OF OBSERVATION. 

The apparatus consisted of a Browning two-prism spectrometer, 
a small motor with a disc attached, and an arrangement for register- 
ing the speed of the latter. An acetylene flame in a “ Perfection” 
burner was the source of light, which gave a brilliant spectrum of 
considerable dispersion. The gas was supplied to the burner at a 
constant pressure. As the rotation of the disc caused air currents 
which disturbed the flame, it was found necessary to place the 
burner on a shelf attached to the wall at some distance behind the 
motor, and to focus the light on the slit by means of a lens. No 
flicker could be seen in the spectrum except that due to the motion 
of the disc, which rotated in the path of the rays of light between 


the lens and the slit. As the disc had alternate sectors of 90 de- 
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Fig. 1. 


grees cut out, the duration of a single flash of light was therefore 
one quarter of the time of a complete revolution. The general 
diagram of the apparatus is shown in figure 1. The speed of the 


motor was regulated by means of a simple form of brake (see fig- 
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ure 2), made by passing a strip of leather over the smooth groove 
in the thumb screw that held the disc on the axle of the motor. 
One end of this leather was fastened to a spiral spring screwed to 


the table ; the other had a long cord attached which was wound 
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round a long brass rod turning in a friction socket, also screwed to 
the table. By turning this rod the string could be wound or un- 
wound, and the friction of the leather on the axle of the motor in- 
creased or decreased. With this simple friction brake, the motor 
could be maintained constant at any speed from zero up to 1800 
revolutions per minute fora period of several hundred revolutions. 

To record automatically the speed of the disc a small hand 


speed-counter was clamped in a position so that its rubber tip 


WEE cameos ¢ an oe 


pressed firmly against the rear end of the axle of the motor (fig. 
3). The rubber tip served to prevent the relative slipping of motor 
and speed-counter, and to insulate the latter, which was necessary 


as it carried a current. The small index on the counter was re- 

















No. 5.] PERSISTENCE OF VISION. 261 


placed by a long diametral arm, the ends of which in turn closed 
the primary circuit of an induction coil at every fiftieth revolution 
of the motor. The secondary circuit of this coil passed through 
metal parts of a chronograph, with a narrow spark gap at the sur- 
face of the cylinder. At every fiftieth revolution of the disc, there- 
fore, a spark perforated a piece of paper carried on the cylinder. 
The pendulum of a clock, by a mercury contact, closed the primary 
circuit of another coil every second, and similar perforations were 
made at these intervals on the same piece of paper. The time of 
fifty or one hundred revolutions of the disc could then be easily 
measured, and the duration of the flashes of light on the retina 
computed. In order to have the registering apparatus completely 
and conveniently under the control of the experimenter, the primary 
circuits of both coils ran to a double mercury key within easy reach. 
At the proper moment both circuits were closed simultaneously, and 
the clock and motor automatically made their records for whatever 
length of time was necessary. 

The method of taking observations was as follows: By means of 
a diaphragm in the eye-piece of the spectrometer a narrow portion 
of the spectrum was isolated. The motor was then started at such 
a speed that the flickering of the narrow band became quite distinct. 
By relaxing the friction-brake, the speed was gradually increased 
until the flickering just disappeared and a uniform band of color 
was presented to the eye. The speed of the motor was then kept 
constant while the circuits were closed and the clock and speed- 
counter made their records. Generally the time sufficient for one 
hundred revolutions of the disc was recorded as being most con- 
venient for purposes of computation. A little practice enabled one 
to complete a setting in half a minute. Where greater accuracy 
was required, the slight tiring effect was avoided by making the 
first adjustments with the left eye, after which the setting could be 
obtained by the right eye with an exposure of less than half the 
time mentioned. After each observa‘ion in the case of the normal 
curves, the eye was rested in diff sed daylight for at least ten 
minutes. Two and sometimes more settings were made at each 
part of the spectrum; and so constant were the different adjust- 


ments of the apparatus, the intensity of the light, and the sensitive- 
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ness of the eye, that observations taken at different times, and even 
on different days, differed from the mean value by less than two per 
cent. 

The room within which the apparatus was set up was dark, and 
all extraneous light was excluded; the only illumination being due 
to such light as escaped through the screens surrounding the acety- 
lene flame. 

To reduce the circle readings of the spectrometer and thus identify 
the parts of the spectrum in which observations were made, readings 
were made for various Fraunhofer lines and a calibration curve of 
the usual form was plotted. 

In this investigation a large part of the work done was with the 
eye fatigued with variously colored light. In order to conveniently 
attain this object, a plan was adopted differing from that described 
by Burch in the paper already cited. In the dark room an arc light 
was placed on a stand in front of which hung a dark cloth curtain. 
Light passing through a hole in this was focused by a lens upon 
the slit of a large direct vision spectroscope, which also was cali- 
brated, so that the wave length of the fatiguing light could be 
found. A diaphragm in the eyepiece cut off all the brilliant arc 
spectrum except a narrow band about two millimetres in width of 
the required color. The intensity of the light also rendered a very 
narrow slit possible, thus increasing the purity of the spectrum. 
The eye was fatigued by allowing a narrow band of any pure color 
from this spectrum to fall upon the center of the retina for at least 
five minutes, a length of time found sufficient to give the degree of 
fatigue desired. This accessory apparatus was so placed that when 
the eye had become fatigued the observer, by simply turning in his 
chair, could make the setting for the persistence, as described above, 
without any loss of time, and before the eye had any time to re- 
cover to any appreciable extent from the tiring process. In taking 
a series of observations this fatiguing operation was repeated before 
each setting, after the completion of which the recording apparatus 
required readjustment, which gave the eye one minute rest. No 
extended rest was considered necessary during the progress of a 
series of measurements, as Burch found that any fundamental color 


sensation could be exhausted without affecting the others. That 
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this statement was abundantly justified will be seen upon a compar- 
ison of the normal persistency curves with those obtained for the 
eye when fatigued with various colors. The observations could 
therefore be taken with great rapidity. 

When the eye was fatigued with any color, a piece of white paper 
placed where the white light from the arc fell upon it, appeared of 
a tint always complementary to the color affecting the eye. This 
afforded a convenient means of enabling the experimenter to deter- 
mine the degree of exhaustion of the retina. 

The time allowed for the fatiguing process with all colors was about 
five minutes. The uniformity of the measurements, for some of which 
this time was even doubled, seemed to indicate that with light of a 
given intensity the exhaustion of the color sensation reached a 
maximum in a few minutes, and that further exposure produced no 
effect. The following experiment served to confirm this inference: 
The eye was exposed to a band of pure red, the center of which 
had a wave length, A= .680, and persistence observations were 
made on a similar band of red the center of which had a wave 
length 4=.7584. Normal persistence = .0179 sec. The results 


are as follows: 


Time of fatigue. Persistence. 
7 minutes. .0195 sec. 
5 ” .0193 * 
10 -0188 ‘* 
20 be .0188 ‘ 


Less than a minute rest was allowed between the readings except 
for the last which was made two days later. The eye accordingly 
was under a continued exhausting stimulus with the object of bring- 
ing about a greater degree of fatigue. The maximum exhaustion 
was apparently reached in seven minutes, though the other values 
may only differ by an experimental error. It may be, however, 
that the bright light tires the retina to a certain degree at first, after 
which the eye adjusts itself to the new conditions and partially re- 
covers its normal condition. The above values would indicate this, 
though sufficient data are not yet available to establish this supposi- 
tion. In any case the retina ultimately reaches a point of equili- 
brium between the destructive action of the external stimulus and 


the constructive power of the eye. If the luminosity of the source 
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of light is increased, the degree of exhaustion will undoubtedly be 
greater, and the maximum may be reached in the same or even in 


less time. 


| | NORMAL’ CURVE NORMAL PERSISTENCY CURVES. 
The first persistency curve 
obtained was the normal. As 
( this was the standard with which 
curves for abnormal conditions 
Lo25+—| of the eye were to be compared, 
the readings were taken with 
great care to avoid all sources of 


error. The eye was allowed to 


SECONDS 


\ rest in diffused daylight for more 
than ten minutes before each 


pots X reading. The values of this 


| — = series of settings are given in 
| By Table I. They are also graphi- 
| cally shown in Fig. 4, in which 
ordinates represent the persist- 
WAVE, LENGTHS ence of vision for various parts 
- ™ of the spectrum in seconds, and 
Fig. 4. ; 
abscissz are wave lengths. 
To guard against error, observations with the eye in its normal 


condition were frequently made to see if any change had taken 


TABLE I. 


ar 
iV 


Wave length. Persistence. Wave length. Persistence. 
.400 » 0308 se 533 .0126 sec. 
le 0285 * “we” -0120 ¢ 
.438 * .0220 ‘* -620 *¢ win * 
An * 0196 676 * .0140 
Bi Sie. “ - .0179 
.500 ‘ 0147 “ 


place. A series of such settings taken towards the latter part of the 
investigation is given in Table II. Their relation to corresponding 


readings upon the original normal curve is indicated by \’s in Fig. 
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5. This curve, like the ones given by Nichols and by Ferry in the 
papers cited, shows that the persistence is least near the D line and 
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increases towards both ends of the spectrum. The curves are para- 


bolic in form. 


TABLE II. 





Wave length Persistence. Wave length. Persistence. 
-400 4 -0308 sé 533 -0128 sec 
.410 * 0272 * .620 * 0120 * 
“ze ** .0224 ‘ 1 0152 * 
.475 § Oi a. O15 “ 
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It was accidentally noticed at one time during a series of obser- 
vations, that the duration of visual impressions was increased when 
the eye had been resting in the dark. This phenomenon was there- 
upon studied in some detail. Before each observation the eye was 
allowed to rest in the dark room in which the experiments were be- 
ing conducted. This room was not completely dark, as the walls 
could be dimly seen, owing to the stray light from the acetylene 


TABLE III. 


Persistence after exposure to varying degrees of light and darkness compared with “‘ nor- 


mal’ persistence. 
Persistence under various Conditions. 


a / a? " 
Eye rested in dark Eye rested in total Eye *‘ normal 

















room. darkness Eye blindfolded. a 

-400 u .0398 A .0390 .0344 .0308 
Ap .0355 .0323 — 
415 * - — a .0285 
.438 ‘ .0284 .0257 .0220 
.454 * .0246 —— —— .0196 
75 * —_—_— .0185 .0187 .0166 
500 .0172 —--— : - .0147 
Pi .0140 .0140 .0131 .0126 
sae ** .0132 .0130 - .0120 
-620 ‘ .0133 .0132 .0125 .0124 
.678 * .0145 .0148 —_— .0140 
oo .0171 . 

eae * .0200 .0211 .0199 .0179 


—_— ~ —_ 


flame. The results are given in column a of Table III. After 
coming out into the light, two of these readings were repeated and 


the following values obtained : 


Wave length. Persistence 
.678 4 .0132 sec. 
.620 *“ 0125 *“ 


On comparing these with the values given in Table III (a) for the 
same wave lengths, the difference will be at once noticed. 
It was thought that, as the walls of the dark room could be seen 
indistinctly, the eye was subject to a strain which might be really 
1 Arrows indicate the order in which settings were made. 


£ Repeated for convenience of comparison from table I. 
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fatiguing it, and so increase the persistence of the color impressions. 
The observations were accordingly repeated, this time with the pre- 
caution of resting the eye in total darkness. The results are given 
in column @ of Table III. 

These values are a little greater in the red than the correspond- 
ing ones in column a, but the two curves lie very close together, 
as will be seen by inspection of Fig. 5, in which these curves 
are compared. It is quite evident, therefore, that the increased 
sensitiveness of the retina in the dark increases the persistence of 
vision, which is just the opposite of the anticipated effect. The in- 
crease in the values of the persistence of different wave lengths is 
not uniform, being about 15 per cent. greater than the normal in the 
extreme red, II per cent. in the yellow, and 30 per cent. in the ex- 
treme violet. This result harmonizes with a statement of Parinaud,' 
who found that ‘“ the increase in the sensitiveness for light which is 
produced on a retina placed in the dark, is not equal for rays ot 
different refrangibility.”” He further states that this is true for all 
parts of the retina except the yellow spot. As the observations 
described in this paper extended at the same time over the yellow 
spot and surrounding portions of the retina, it is not possible to 
state conclusively whether the above statement is confirmed or not. 
The persistence of vision being a function of the sensitiveness of the 
retina as well as of the intensity of the light stimulus, connects 
what is found in the curves just described with the observation of 
the French writer. 

In these last experiments the eye was kept open while being 
rested, and it was decided to further test the supposition that the 
increased values of the duration of the impressions might be due to 
the strain of adaptation of the retina, or to some kind of muscular 
strain. For this purpose the right eye, the one used in all these 
experiments, was rested by being closed and blindfolded. All 
muscular strain at least was removed in this way, and the results, 
in column c, Table III, show that a different condition was induced 
in the eye. 

These values, shown graphically with the others in Fig. 5, are 

1M. H. Parinaud, De!’ intensité lumineuse des couleurs spectrales. Comp. Rendus, 
Vol. 99, 1884, p. 937. 
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intermediate between what may be termed the ordinary and extra- 
ordinary normal curves. In this comparison it will be seen that 
the hypothesis that the great increase in the duration of the color 
impressions is due to some kind of muscular strain is substantiated 
partially, since the elimination of that possible disturbing factor 
brought about a decrease in these values. There still remains a 
substantial increase which must be accounted for, the most obvious 
explanation being that it is due to the increased sensitiveness of the 
retina. This curve also shows that the increased sensitiveness of 
the retina is unequal for waves of different lengths, the increase 
above the normal being g per cent. in the red, 5 per cent. in 
the yellow and 12 per cent. in the violet. These results may 
be looked at from another point of view. According to the Her- 
ing theory, the sensation, or rather the lack of sensation, black, 
has the power of assimilation of the white-black visual substance. 
The eye in its normal condition is under the mild influence of day- 
light which would dissimilate this substance to a certain extent. 
Darkness, being the absence of any stimulus of the retina, permits 
the restoration of the white-black substance to its maximum sensi- 
tiveness. In case this is the explanation of the phenomenon, why 
should the restoration of this visual substance affect the various 
colors at all, and especially different colors in different degrees? 
Instead of the visual substances of the Hering theory being inde- 
pendent of each other, some connection must exist between them. 
Darkness cannot be held to assimilate simply the white-black sub- 
stance, but also the red-green and yellow-blue. It would at least 
be supposed that if restoring the white-black substance did affect 
the others, that it would affect the red-green substance equally in 
both red and green, and similarly the yellow-blue substance. But 
the persistence of the red is increased g per cent., while the increase 
in the green is 13 per cent. The discrepancy is far greater in the 
other case, as the increase in the yellow is only 5 per cent., while 
in the blue it is 13 per cent. These facts can hardly be said to be 
in harmony with the theory in question. Similar objections can not 
be urged against the Young-Hemholtz theory, since it does not 
group the color sensations into pairs of opposites, nor does it limit 
the restoring power of perfect rest—darkness—to counteracting 


any specific stimulus of the retina. 
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We have found so far that the persistence of vision is a maximum 
for all colors when the eye is rested by being kept open in total 
darkness. The values fall to an intermediate position when the eye 
is rested by being blindfolded, and reach a minimum when the rest 
has been given in diffused daylight. It would be expected that a 
considerable degree of exhaustion of the retina would have an op- 
posite effect to that we have been discussing. But the experiments 
now to be described show that the opposite is the case—that fatigu- 
ing the retina causes the duration of the color impressions to in- 
crease again. 


EFFECT OF FATIGUING THE RETINA WITH VARIOUS COLORS. 
Retina fatigued with red. 
The eye was fatigued, as described in the first part of this paper, 
by looking at an isolated portion 





of a brilliant arc spectrum for | | 
about five minutes, the process RED'CURVE, | 
being repeated before every ob- \ 

servation. The condition of the \ we 
retina with the red sensation \ -— 


EYE FATIGUED WITH 


partially exhausted, approxi- |...‘ REO. | —__ 





mates that of the naturally red- 
blind person. 


In this process a band of color 


SECONDS 
a 


about 2 mm. wide was used, the 

center of which in the case of red 

had a wave length 4 = .680 4. 
The results of the measure- \ 

ments of the duration of the var- Sa 





ious color impressions upon the 


retina in this abnormal condition, 





are exhibited in Table IV, and - 
WAVE LENGTHS. } 
graphically in Fig. 6, in com- 40/t 2D 60 
. . Fig. 6. 
parison with the normal curve. “ 
Comparing the two curves in Fig. 6, it is seen that fatiguing the 
eye with red has the effect of increasing the persistence of that color 


and also of about half of the orange, the remainder of the spectrum 
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being unaffected in any way. The persistence of the red is increased 
by 8 per cent., while the increase in the same portion of the spec- 
trum when the eye was blindfolded was g per cent., the two agree- 
ing within the limits of experimental error. The Hering theory 


would certainly lead one to suppose that the green part of the curve 


TABLE IV. 
Eye Ja a ued 7 1th vé 1 / .680 u.) 


Wave length. Persistence. Wave length. Persistence. 
.400 u .0293 sec. ae Me .0126 sec. 
“0 “ 0292 *§ ae * OLS 
425 0265 * .620 * 0128 ‘ 
438 ‘ .0230 ‘ “a7 “ a 
454“ ui “ 678 * 0150 ‘ 
Mao“ “isn wa0 * “ise 
a“ OMS “ 


would show some difference from the normal. A glance at the two 
curves, however, shows a perfect agreement between them. A 
similar lack of accordance of the experimental data with the antici- 
pations of the Hering theory will be frequently noticed in the re- 
mainder of this paper. 

It is to be noticed that the red sensation can be exhausted with- 
out affecting in any way the remaining sensations. This was a 
matter of some surprise ; for upon looking at the acetylene spectrum 
after tiring the eye with red of the much more brilliant arc spectrum, 
all colors were apparently equally affected. The measurements 
showed that in this the eye was deceived. This confirms the state- 
ment of Burch in the paper previously cited, who, however, much 
more completely exhausted the color sensations than the author of 
this paper. 

Retina fatigued with green. 

The measurements in this case were made in the manner already 
described, but with the retina fatigued by a pure green light from 
the arc spectrum (A= .520 y.). The results are given in Table V 
and graphically in Fig. 7. 

This curve shows an elevation or bunch in the green indicating, 


as before, an increase of the persistence in that part of the spectrum, 
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TABLE V. 


Eye fatigued with green (2 .520 x“). 


Wave le gth. Persistence. Wave length. Persistence. 
.400 .0311 sec. 512 uw .0150 sec. 
415 ** 233 ** San Ome *“ 
.438 ‘* .0206 ‘ BE .0120 ‘“ 
-460 ‘‘ 0187 ‘* -620 ** 0125 * 
an .0176 ‘ .678 * Sigs ™ 
32 * 0164 . * ei .0185 “ 


due to the tiring process. The 
maximum increase of the persist- 

ence of the green is about 12 per 
cent. which again coincides with 
the increase in the persistence of 
the same wave length when the 
eye was blindfolded. The curve 
coincides with the normal in the 
yellow and red, but runs under ¢ 
it in the blue and violet. The S \. 


Hering theory would lead us to 


expect the curves to differ in the ‘ \ | 
ace “Eh 
red; the Young—Helmholtz in ‘ \ | 


both violet and red if they dif- a a Oe = 


ered at all. For if one sensation 

EYE FATIGUED WITH 
were exhausted it is possible that a ee ee 
the intensity of the remaining 
sensations might be increased, eo WAVE LENGTHS. 
producing the effect noticed in : Fig. 7 
the blue and violet, and a similar : 
effect in the red. The same phenomenon will be noticed in two 
other curves (see Figs. 8 and g), though since it is but slight it may 


be due entirely to experimental errors. 


Retina fatigued with violet. 
The following values were obtained when the eye was fatigued 
with violet : 
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TABLE VI. 
Eye fatigued with violet (2 = .400 1). 
Wave length. Persistence. Wave length. Persistence. : 
403 uu .0350 sec. .502 u .0122 sec. 
.410 “* .0287 ‘* ae 0110 “ 
a3 “ .0227 ‘ we * .0109 “* 
434 * -0198 ‘* <o7 * 0125 < 
.443 0188 =“ 7 0149 “* 
454 * 161 ° id .0176 “ 
468 ‘ 0149 


The data are plotted in Fig. 8 in comy 
curve. 
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Fig. 8. 


results similar to those obtained in the two preceding curves. 


is an almost complete coincidence of the cu 
the middle of the red, the fatigue curve the 
the normal. 


yarison with the normal 


The only part of the curve affected is the violet, which shows 
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This illustrates the remarks made upon a similar ef- 


























No, 5.] PERSISTENCE OF VISION. 27 


fect obtained in the abnormal curve for green. The persistence of 
the violet is increased by 27 per cent. These three curves for the 
eye tired with red, green and violet respectively, are of the same 
type, having one elevation which occurs in the part of the curve 
corresponding to the fatiguing color. 

It would be quite natural to expect, in view of the results already 
discussed, that if blue and yellow are fundamental sensations in the 
same sense as are red and green according to either of the two most 
widely accepted color theories, similar elevations of the curve would 
be produced by using blue and yellow, respectively, as fatiguing 
stimuli, and these elevations would occur in the corresponding parts 
of the curves. In other words if blue and yellow are fundamental 
sensations, fatiguing the retina with these colors ought to affect 
these color sensations and no others. On the other hand, if blue 
and yellow are not fundamental, but compounded of two other sen- 
sations, then fatiguing with one of these ought not to show any 
effect in the part of the curve corresponding to that color, but 
should cause the elevations in the curve in the parts of the spectrum 
corresponding to those fundamental sensations which are affected. 


The latter is found to be the case. 


Retina fatigued with blue. 


Table VII shows the results obtained when the retina was exposed 
to blue light. 
TasLe VII. 
Retina fatigued with blue (2 = .440 1). 


Wave length. Persistence. Wave length. Persistence. 
.400 .0320 sec 498 Lu .0136 sec. 
.405 ** Cs * wae * 0122 ‘* 
.414 * .0267 * —_ Gili “ 
425 * .0235 * seo * 5 * 
435 * 0207 “§ 6 * .0107 * 
.444 Oi ** -625 * om 
eal 0166 “ .675 0129 *« 
“67 “* ign * ae .0143 * 
-480 ‘* .0143 ** a * .0182 ‘ 


These values will be found plotted in Fig. 9 in comparison with 
the normal curve. In the part corresponding to the blue, the two 
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curves coincide, showing that in this region the persistence has not 
been changed by the fatiguing process. The persistence has how- 
ever been increased in both the green and violet, which is shown by 
the elevation of those parts of the curve. In this case the increase 
in the green is 10 per cent. while for the eye fatigued with green it 
was I2per cent. The increase in the violet is 16 per cent. against 
27 per cent. for the case when the eye was fatigued with violet. 
The readings in the extreme violet were, however, subject to a 
greater experimental error, as the illumination of that part of the 
spectrum was comparatively feeble. The curve obtained for the 
eye exhausted with blue, is therefore practically the superposition 
of the green and violet curves. The deduction is obviously that 
the sensation of blue is the consequence of the excitation of the 
sensations of green and violet. It will be noticed that the blue 
curve runs under the normal in the red, a phenomenon observed in 
two previous curves. This is shown best in the violet curve, where 
the abnormal runs under the normal in both green and red, indicat- 
ing that when the retina has been exposed to violet this sensation 
is exhausted, but the other fundamental sensations red and green, 


are rendered a little more acute. 


Retina fatigued with yellow. 

We have now to examine the results obtained when the fatiguing 
color was yellow. The arc spectrum was dispensed with in this 
case, and the arc was replaced by a sodium flame. The yellow 
sodium light was of sufficient intensity to fatigue the eye which 


was placed at the focus of a lens. The following results were 


obtained : 
TABLE VIII. 
Retina fatigued with yellow (A .589 1“). 

Wave length. Persistence. Wave length. Persistence. 
.400 u .0312 sec. .533 yu .0143 sec. 
as“ .0302 ‘ ae * .0124 ‘ 
-438 “ -0236 ‘‘ .620 ‘: .0124 “ 
.454 “ .0205 ‘ 647 * 0128 ‘ 
475 * wir * 678 ** .0140 “ 
492 * “ies 1“ ae .0164 ‘* 


in * 35.“ ae ** .0201 “ 
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This curve, plotted in Fig. 10, in comparison with the normal 
curve, shows the yellow, blue and violet regions to be unaffected, 
while elevations were produced in the green and red. The whole 
curve is a little above the normal, which is probably due to a slight 
change in the pressure of the gas making the spectrum a little less 
luminous. The maximum increase in the persistence of red im- 
pressions in this case is 10 per cent., while in the case of exposure 
to red it was 8 per cent. This may be compared also with the in- 
crease in the red when the eye was blindfolded, which amounted to 
g percent. In the yellow curve the increase in the green is 12 per 
cent. which is exactly the same as in the greencurve. The position 
of the maximum in the two cases is however not the same. 

Yellow light, therefore, has the same effect on the retina as red 
and green together, and it must be concluded that the sensation of 
yellow is due to a simultaneous disturbance of the red and green 
visual apparatus. Whatever may be the “‘deliverances of conscious- 
ness’’ as to the purity of blue and yellow, in the light of experiment 
we are forced to conclude that they are not fundamental but com- 
pound sensations, as far at least as their effect on the retina is con- 
cerned. Further than that, this paper does not pretend to deal 
with them. 

Retina fatigued with white light. 

Having successively fatigued the retina with five well-defined 
spectral colors with the interesting results described, some curiosity 
was evinced as to the probable effect of tiring the retina with all 
wave lengths at once, that is with white light. From the stand- 
point of the Young-Helmholtz theory, it was thought that the curve 
in this case should show three elevations ; in the red, the green and 
the violet. On the other hand, assuming the truth of the Hering 
theory, the white light would affect the white-black visual substance 
which is independent of the other two. Color sensations affecting 
the like-wise independent red-green and yellow-blue substances 
should accordingly show no change in persistence. The result 
does not confirm either expectation. To accomplish the fatiguing 
of the retina, the white light from the arc passed through a lens 
and fell upon a piece of white paper placed at a little distance from 
the focus. The round spot of light was partly transmitted and fell 
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upon the retina for the usual time of five minutes. A series of after 
images followed which threatened to interfere with the accuracy of 
the observations. Upon looking at the portion of the spectrum in 
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the field of view, it appeared as if seen through a hazy light of 
varying color. For the first few seconds this after image was of a 
faint yellowish tint which gradually deepened into an intense yellow 
completely obscuring the spectrum. The first hazy tint could be 
easily restored by winking, and this enabled the observer to take 
the readings always under the same conditions. The results given 
in Table IX, are so uniform as to inspire belief in their accuracy. 
These data are plotted in figure 11 in comparison with the normal 
curve. The curves, it will be noticed, are approximately parallel, 
indicating no elevations in any part. Apparently this does not con- 
firm the Young-Helmholtz theory of the sensation of white. The 
fact that the persistence of all the color sensations is increased shows 


an interdependence of the visual substances not provided for by the 
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Hering theory. But at any rate the curve seems to indicate the ex- 
istence of a white sensation partially connected with and partially 
distinct from the fundamental color sensations. That white is either 


TABLE IX. 
Eye fatigued with white light. 


Wave length. Persistence. Wave length. Persistence. 
-410 u .0337 sec. .573 bu .0124 sec. 
.438 “ .0247 * -620 “ -0126 ‘ 
475 * .0193 “ .678 * .0142 “* 
492 * .0169 ** A 0161 ‘ 
512 * .0144 “ 258 ** .0205 ‘ 
soe * .0134 * 


an independent or semi-independent sensation, is claimed by Eb- 
binghaus and by Mrs. Franklin in their theories, and Abney' has re- 
cently obtained experimental results which point to the same con- 
clusion. 

In the discussion of the various curves thus far considered (Fig- 
ures 4 to 10), the percentage increase of the duration of color im- 
pressions has been given. For greater convenience of comparison 
these values have been brought together in the following table : 


TABLE X. 


Percentage increase in the duration of color impressions when the eye is fatigued by 
exposure to various colors. 


Region Color of the fatigue stimulus. 

affected. |"Red. | Green. | Violet. | Blue. | Yellow. | White. [Rye blindfolded. 
Red. % 0%, 0% % 10 %, 9%, 12 %, 
Yellow. 0 0 0 0 0 5 5 
Green. 0 12 0 10 12 13 7 
Blue. 0 0 0 0 0 13 10 
Violet. 0 


0 27 16 0 12 14 


When it is remembered that the values in this table represent 
experimental results obtained at intervals during several months, 
that no attempt whatever was made to keep the eye in a condition 


1 Abney, Sensitiveness of the Retina to Light and Color. Phil. Trans., A., 1897, 
Vol. 190. 
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of constant sensitiveness, and that the conditions under which the 
abnormal states of the retina were induced varied to a considerable 
extent from time to time, the results, especially in the red and green, 
show a uniformity that may very properly be considered remarkable. 
It can be no mere chance agreement of results. Certainly the retina, 
even under abnormal conditions, cannot have such a varying sensi- 
tiveness as is generally supposed. The values do not differ, for each 
color, by more than the presumable experimental error, except one 
value in the green and one in the violet, which will be evident on 


referring to the table. The averages of the tabulated results are as 


follows : 
Red, 9.75 per cent. 
Yellow, 5 - 
Green, 10.8 ws 
Blue, 11.5 " 
Violet, 17.2 i 


In all these experiments the retina has apparently been brought 
to a maximum abnormal condition, though the fatiguing light has 
been of varying intensity. There are not sufficient experimental 
data yet to show whether greatly increasing the intensity of the 
light exhausting the retina, will increase this maximum condition 
or not, though it is anticipated that it will. 

It has already been pointed out that, when the retina is made ab- 
normally sensitive by being kept in the dark, the persistences of the 
various color sensations are unequally increased. The same is 
true when the retina is fatigued; for when any colors have their 
persistences affected, the increase is unequal in different parts of the 
spectrum, in all cases being least in the yellow and reaching max- 


or 
D> 


ima in the red and violet. 


BEARING OF THE FOREGOING RESULTS UPON EXISTING THEORIES OF 
COLOR SENSATION. 
The Hering Theory. 
According to this theory, as is well known, the color sensations 
are arranged in three pairs, red-green, yellow-blue, and white-black. 
Since the first sensation in each pair is produced by the dissimila- 


tion of a supposed photo-chemical substance, which exists in three 
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forms to correspond to the three pairs of color processes, it would 
be expected that all being affected in precisely similar ways would 
show similar results. One would also expect the assimilating 
colors to show opposite effects. Whatever effect is produced by 
fatiguing the retina with red, an exactly similar effect should be 
shown with the yellow. Soalso for green and blue. Reference to 
the curves shows that red has an elevation in the red, while yellow 
gives two, neither of which corresponds to that color, and white 
gives none, or rather the whole curve is elevated above the normal. 
Similarly for the others—green, has one, blue two, and black none, 
if we may consider the curve obtained by blindfolding the eye as 
the one corresponding to black. We thus have three types of 
curves for the three pairs of color sensations. The agreement in 
number is the chief point of harmony with the Hering theory. 
Analyzing the curves more particularly, we may observe, first, 
that acting on the red-green substance with red light has dissimilated 
it, producing a characteristic result. Assimilating this same sub- 
stance with green light produces a similar result but in the part of 
the curve corresponding to green. Certainly the theory would ex- 
pect each operation to affect both red and green parts of the curve, 
or else each would affect one and the same part but in different 
ways. Violet, too, giving a result similar in every way to those 
produced by red and green, must be placed on an equal footing 
with them, and whether it be considered as a dissimilation or an as- 
similation color its opposite must be found in the spectrum. Ex- 
hausting the retina with yellow discloses no special substance that 
is acted upon, but elevations are produced in both red and green. 
Translating this into the language of the theory, yellow simultane- 
ously exercises the functions of both red and green to the same 
percentage amount, as we have seen, as each of them separately. 
Under these circumstances a balance should have been maintained be- 
tween the opposing actions of red and green, which should have 
produced a curve differing in no respect from the normal. Suppos- 
ing however that the action of the yellow stimulus is in harmony 
with the requirements of the theory, exposure of the retina to its 
assimilative companion blue ought to counteract the effects previ- 


ously produced. Experiment shows that the green is affected, but 
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in addition the violet is also affected which was not disturbed at all 
by the yellow. Further, by stimulating the retina with strong yel- 
low and blue lights alternately, the red-green substance could be 
overbalanced, and red-blindness induced by the action of certain 
luminous waves which according to theory should have no effect 
in this direction. It is quite evident, therefore, that these experi- 
mental results are antagonistic to the theory in question. The 
curves obtained when the eye was rested in the dark and fatigued 
with white light at first sight seem to confirm the Hering theory ; 
but since in both cases all the color sensations are affected, there 
must be an intimate connection between white, black, and the color 
processes. This, too, is not in harmony with the provisions of the 
Hering theory. 
The Ebbinghaus Theory. 

The same objections will also apply to the theory of Ebbinghaus,’ 
which is practically a modification of that of Hering. The main 
difference is that while the latter postulates three visual substances 
which may be regarded as so many independent variables, the 
former separates these substances into four for the perception of 
color and one for white, making in all five independent variables. 
The fundamental color tones in this theory are the same as in that 
of Hering, viz., red, yellow, green and blue, two of which, yellow 
and blue, have been shown to be compound. 

The Franklin Theory. 

The ingenious color theory of Mrs. Franklin? is framed partly 
from the physical and partly from the psychological standpoint. 
This evolutionary theory regards color-sense as a development out 
of an earlier existing gray-white sensation. Guided only by the re- 
quirements of consciousness the fundamental color tones would be 
red, green, yellow and blue. But physical experiments have ren- 
dered it improbable that yellow is fundamental, so the theory is re- 
solved into a three-color one, with a gray-white sensation in addition. 
Consciousness must be satisfied with only a part of its demands. 

1Ebbinghaus, Theorie des Farbensehens. Zeitschrift fiir Psychol. und Phys. der 
Sinnesorgane, Bd. V., Heft 3, 1893. 

2C, L. Franklin, On Theories of Light-Sensation, Mind, Vol. 2, N. S. No. 8 
1893. 
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The experiments described in this paper are equally fatal to both 
blue and yellow as fundamental sensations, but can be considered , 
hostile to this theory only as regards the blue. Mrs. Franklin 
might then go one step farther and assume the Young-Helmholtz 
color-sensations by the substitution of violet for blue. 


The Young-Helmholtz Theory. 


The experiments we have described are plainly seen to harmonize 
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completely with the fundamental color processes of the Young-Helm- 
holtz Theory. Red, green and violet being these fundamental sen- 
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sations give characteristic results in an abnormal condition. Yellow 
and blue are both compounded of two other sensations, and experi- 
ment shows the theory verified. Rest in the dark makes all sensa- 
tions more sensitive, which is shown by the curve obtained under 
this condition. The curve obtained for the action of white light, 
however, cannot be disposed of so easily, and, as before, we must 
consider it as evidence in support of a white sensation. There are 
many other color theories; but these we have considered may be 
considered typical of all. 

At the suggestion of Dr. Nichols these curves have been drawn 
in another way which shows the deviations of the abnormal from 
the normal curves in a much more striking manner. All parts of 
the normal curve are reduced to the same ordinate, making that 
curve a straight line parallel to the axis of abscissa. The corre- 
sponding values of the abnormal curves are then reduced in the same 
ratio and these ratios plotted. For convenience the ordinate of the 
normal curve is taken as 100. The variations from the normal, 
discussed in the preceding pages, are much more evident especially 
in the parts corresponding to the blue and violet regions of the 


spectrum. It is evident that this is a representation of what would 


RATIOS —= 
°o 
/ 





actually have been obtained, had all parts of the spectrum possessed 
the same luminosity. 

Only those curves obtained when the eye was fatigued with vari- 
ous colors and with white light are so reduced, as the others do not 
show their characteristics any better by this method. The five 


color curves are plotted together for comparison in Fig. 12, the 
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. 


white in Fig. 13. In addition the same curves are plotted in Fig. 


14, with circle readings as absciss# instead of wave lengths, which 


« 
RATIOS 








represents the conditions of experiment more accurately, as the 
observations were made on a prismatic spectrum. 


In these last diagrams the part of the spectrum used for fatiguing 
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the eye is marked by means of ‘a vertical line under the respective 
curves. 


EXAMINATIONS OF NATURALLY COLOR-BLIND PERSONS. 

S. W. F., a student in Cornell University who was known to be 
color-blind, kindly consented to allow his eyes to be tested. Being 
accustomed to make scientific measurements, his observations were 
made with care and accuracy. The limits of the spectrum were the 
same to him as to the normal eye. The apparatus did not permit 
his neutral point to be determined accurately, but he indicated it to 
be at about A= .480 4. As is usual with red-blind persons, he 
called all on the red side of the neutral point yellow, and the other 
blue. When tested with the Holmgren worsteds he made the usual 
matches of the red-blind. In addition, however, he indicated blind- 
ness of some other part of the retina, as shown by his matches of 
light yellows and greens. Measurements were made /or doth eyes 
in the manner described for obtaining normal curves. 

The following table gives the persistence of color impressions for 
the right eye: 

TABLE XI. 


S. W. F, (right eye). 


Wave length. Persistence. Wave length. Persistence. 
-410 yu .0297 sec. .533 u .0133 sec. 
-438 ‘* -0246 ‘ Ri .0128 ‘* 
-455 ** .0214 * sae: ** “ase * 
465 * .0202 ‘ ae * .0124 ‘ 
Mare ** .0184 ** .620 ‘ .0128 * 
.484 * .0170 * .678 “* 0161 *“ 
“as * .0162 ‘ a .0191 “ 
il .0148 ** —_* .0224 ‘“ 


The data are plotted in Fig. 15 in comparison with the third 
normal curve of the writer. These values show a very great in- 
crease in the duration of the impressions in the red ; the curve then 
approaches nearly to the normal in the yellow, then rises in the 
yellowish-green forming a curious little bunch or elevation, thence 
continuing parallel to the normal through the blue and violet. It 


will be noticed that the whole curve is displaced upward, which in- 





| 
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dicates that the whole spectrum was not as bright to the color-blind 
eye as to the normal. This bunch in the yellow-green is not acci- 
dental nor is it due to an erroneous measurement, since it was con- 
firmed by experiments several weeks apart. It is also confirmed in 


the curve for the left eye of the same subject, shown in figure 16 in 
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comparison with a new normal curve of the writer, the determina- 
tion of which was rendered necessary by a change in the pressure 
of the acetylene and consequently a change in the luminosity of the 
spectrum. 

The form of the curves is the same for both eyes, both showing 
the same peculiarities. It may be possible that this is the curve of 
the typical red-blind subject. Ferry, however, in the article cited, 
found curves slightly different from these for red-blind persons. In 
his curves there were no elevations in the yellow-green part of the 
spectrum. The curve for the normal eye (Fig. 6), fatigued with 


red, shows the increased persistence of the red though not to the 
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same extent as the naturally color-blind subject. No disturbance 
of the curve occurs in any other part. 
Table XII gives the data for the left eye. 


TABLE XII. 


S. W. F. (left eye). 


Wave length. Persistence. Wave length. Persistence. ? 

410 yu .0307 sec. 550 1 0122 sec. 
455 * .0216 ‘ sae * 0127 ‘“ 
65 “* .0201 < ae * 0121 <“ 
75 “* .0176 “ -620 ‘ iz. * 
484 * .0162 * .678 ‘ .0170 ** 
-493 ** .0146 ‘ wa * .0240 <‘ 
oe ** .0125 “ 


Mr. J. E. T., of the Chemistry department of the University, in- 
formed the writer that he had some difficulty in observing red lines 
in spectroscopic analysis, and kindly consented to make the neces- 
sary observations for his persistency curve. When tested with the 
Holmgren worsteds he matched the proper colors with the con- 
fusion samples, and seemed as far as that is concerned to have 
normal color vision. But finally being tested with other samples he \ 
made matches which indicated a partial red-blindness at least, and 
also a disturbance of the violet. He stated also that some difficulty 
was experienced with violet lines in spectroscopic work. 


The values of the persistence are given in the following table : 


TABLE XIII. 
J. E. T. 
Wave length. Persistence. Wave length. Persistence. 
-400 .0428 sec. 574 wu .0112 sec. 
“15 “ .0296 ‘ sa * 0114 “ 
a * a4 .620 “ ws “ 
“70 °* a * .678 .0144 
.500 - .0136 ‘‘ |: Tae .0184 “ 
a “ily * we .0224 ‘ } 
soo * OM “ 


These values, for the right eye, will be found in Fig. 17 in com- 


parison with a normal curve of the writer. Both eyes, the right and 
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left, gave approximately the same curve, only one of which is here 
plotted. It will be noticed that the part of the curve corresponding 
to red shows a characteristic elevation above the normal, indicating 
red-blindness. Through the yellow-green the points on the curve 
were obtained quite close together to see if any elevation occurred 


as in the previous case. No deviation from a smooth curve was, 








j however, obtained. The persistence of green is shown to be, in this 
] case, less than in the normal eye, indicating that, to the former, 
green was relatively much brighter. This is quite in agreement 
with other cases of color-blindness studied by various cbservers. 
Comparison of the two curves also shows that the lowest point on 
| 
} 
040 <a, 035 ] 
H. C. B. | 
ol J NATURALLY GREEN-BLIND | 
| NORMAL EYE ———< a= 
| J. E. T. \| 
i ; NATURALLY RED-BLIND(’) { i} 
\ NORMAL EYE -_— \\ 
| A! 
| | 
A | | 
030 | 025 | 
’ i 
\\ 
@ o \\ 
a | = \\ 
: 2 \ 
| \ 
\ | \ y 
‘ t \ / 
. \ ] \ 4 
f:020 | a i 0 \ \ V4 
\ / NVA 
* / . ‘eS a 
| \ / / ah 
i \ 7 
\\ /y 
Ne 
\ 4 
oN a4 
Wi wave LENGTHS WAVE LENGTHS 
40/ | 50 60 70 40/4 50 60 0 
: 
| Fig. 17. Fig. 18. 


that obtained for the color-blind eye does not correspond to the 


same part of the spectrum as the similar point on the normal, but is 


displaced towards the blue end of the spectrum. This indicates 
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that the point of maximum brilliancy is shifted in that direction, a 
result also commonly observed. The curve also shows a persist- 
ence greater than normal in the extreme violet. Though there is 
greater difficulty in making observations in this region than in any 
other, yet since all Mr. T’s readings here were greater than for 
the normal eye, it must indicate some abnormal condition of the 
retina as regards its appreciation of violet. It is not possible to say 
conclusively, without further investigation, whether this is a case of 
violet color blindness or not. 

Another student of the University, Mr. H. C. B., also consented 
to determine his persistency curve. Upon examination with the 
worsteds he indicated green-blindness. Persistency curves for both 


eyes were obtained, but their close agreement renders only one 


necessary. The following values for the left eye were obtained : 
TasBLe XIV. 
H. C. B. (left eye). 
Wave length. Persistence. Wave length. Persistence. 
.405 uw .0336 sec. 538 u .0127 sec. 
.454 .0201 ‘ i C1 « 
.487 “* .0160 ‘ fae ** Sim “ 
502 * “ima 42“ re * je |* 
a 0139 ‘* se © .0194 * 


These values will be found plotted in Fig. 18 in comparison with 
a curve for the normal eye. The characteristic elevation in the 
green is well shown, though the persistence is not increased to quite 
the extent anticipated. It may indicate only a partial green-blind- 
ness. No other part of the curve differs from the normal. This 
curve, and the one preceding, show that an eye may be color-blind 
to red or green without necessarily affecting any other sensation, a 
conclusion which does not agree with the Hering theory of color 
blindness. 

From these three curves for color blindness, it is not possible to 
draw many definite conclusions; but there is evidently reason to 
believe that the study of many cases of color blindness by this 
method will throw a new light upon this interesting subject, and 
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may lead to important evidence as to the real nature of color-vision 
itself. Preparations for such an investigation, on the part of the 
writer, are being made. 


SUMMARY. 


The results arrived at in this investigation may be conveniently 
summed up as follows : 

1. The persistence of all color impressions reaches a maximum 
when the eye has been kept open in the dark, the increased dura- 
tion being unequal for rays of different refrangibilities. The increase 
is least in the yellow, and grows larger towards both the red and 
violet. The curve obtained under such conditions may be called 
the extraordinary normal curve. 

2. The persistence of all color impressions is a minimum when 
the eye is under the influence of diffused daylight. The curve thus 
obtained has been termed in this paper the ordinary normal curve. 

3. When the eye has been blindfolded the values of the persist- 
ence in all cases are intermediate between the extraordinary and 
ordinary normal curves, showing, however, unequal increases as in 
the extraordinary curve. 

4. When the retina has been exposed to strong red, green or 
violet light, the persistence of impressions of the same color as the 
fatiguing light is increased, forming a characteristic elevation or 
bunch in the part of the persistency curve corresponding to that 
color. 

5. When the retina has been fatigued with yellow or blue light 
there is no increase in the persistence of impressions of those col- 
ors, but the characteristic elevations are produced in the parts of 
the curves corresponding to red and green or green and violet re- 
spectively. 

6. These phenomena strongly confirm the fundamental color 
sensations of the Young-Helmholtz theory. 

7. When the retina has been fatigued with white light, the per- 
sistences of all color impressions are unequally increased. This 
apparently does not harmonize with the Young-Helmholtz theory, 
but indicates a partially independent white sensation. 


8. Both rest and fatigue of the retina cause an increase in the 
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persistence of all colors. No explanation of this fact has yet been 
found. 

9g. In the case of naturally color-blind eyes, the persistence of 
color impressions to which the retina is blind is abnormally in- 
creased, thus affording a method of determining the wave lengths 
to which the retina is incapable of responding normally. 

10. In addition to the loss of one fundamental color sense, the 
naturally color-blind retina may also lack the power of responding 
to a group of waves affecting another sensation. The further study 
of cases of color blindness in this way would probably throw new 
light upon this interesting and important subject. 

In conclusion, I wish to gratefully acknowledge my indebtedness 
to Professor E. L. Nichols, who suggested the subject and method, 
and also to Mr. J. S. Shearer, of the department of Physics, for 
their many valuable suggestions regarding both apparatus and the 
experimental results of the entire investigation. 

PHYSICAL LABORATORY, 

CORNELL UNIVERSITY, May, 1900. 
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GIBBS THERMODYNAMICAL MODEL FOR A SUB- 
STANCE FOLLOWING VAN DER WAALS’ 
EQUATION. 


By W. P. Boynton. 


jaa DER WAALS’ equation is commonly written 


(1) (pp + a/v’) (v—b) = RT. 


For the purposes of a general discussion it is often convenient to 
suppress the three constants a, 6, X, by taking the critical pressure 
volume and temperature as the units of pressure, volume, and tem- 
perature respectively. If these be called /, v,, 7., and the so-called 
reduced pressure, volume, and temperature be indicated by 


It can be shown that the equation will reduce to the form 
( 2) (= + 3) Ge—1=89, 


which appears to have no empirical constants. 

The form of the isothermals, with whose general properties we 
are familiar, is shown in Fig. 1. In this figure we notice certain 
peculiarities. These we will discuss a little later. 

In connection with questions raised in a previous article’ it 
seemed to me desirable to find the form of a Gibbs’ Thermo- 
dynamical Model for a substance whose properties in two states 
were represented by a comparatively simple analytical expression. 
A substance following van der Waals’ equation is as much an ideal 
substance as is a perfect gas, yet it exhibits many properties com- 
mon to actual substances. For a substance following equation (1) 


the first law of Thermodynamics 


1 Puys. REV., 10, p. 228, 1900. 
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dQ = aU + padi. 
becomes 
(3) dQ = CdT+ (p+a/r)dv 


from which it readily appears that 
aUv= Cal + avd 


and if we regard C. as a constant, an assumption entirely in har- 
mony with, and even suggested by, those ideas of the Kinetic The- 


DD 


ory which gives us the original equation, we have 


oT a 


(4) U= CdT + {4 ho lT* = = 


The coordinates of the surface we wish are the energy, volume and 








\ 








._— 
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entropy. We may introduce the latter and eliminate 7 by compar- 
ing (3) with 


aO = TdS 
from which we can deduce 
(5) S= Clog 7+ Rlog (v — 6) + Const 


T= rT ol, (v —_— b)- Cy 
and substituting in (4), 


R 


s 2 
(6) U = Ke% (v —b) @ 4 a/b — a/v 


where K= CR’. 


R/C, is a constant, equal, according to the Kinetic Theory, to two- 
thirds of the ratio of the kinetic energy of translation of the mole- 


cules to their total energy, or to 2 — I very nearly, that is, in ideal 


c 
cases such as we are considering, to 2/3, 2/5, 2/6, 2/7, etc. This 


r 


then is the equation of the model, and we see immediately that it 
satisfies the differential equations 


ou 4 ~ ~ 


7 R 
T= 5 = Ke (v8)? |C, = Ke (vB) 


aU R ec Pret a 
= — = -—~ Ker(v— db y ame 
p ov C. (@ wv 
RT a 
” Saf oF 


For a general discussion it is desirable to have the equation in 
terms of the reduced coordinates. At the critical state equation (5) 
becomes 


S,= Clog 7. + Rlog (v, — 6) + Const 


and hence 


7 


2 v—o 
S—S =C log = + Rlog ‘ 


v,—6 
c 


NS 


or remembering that 


7) T, = av, b = Vv. 3; v/v = Y 
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(7) S—S =C lg t+ Rlog ss 
whence 
s—S Ic 30 — I —R/C, 
(8) Ome  (3f =) 
Equation (4) U=CT+a/b—a/jv 
gives, substituting for Z and v their values 
- — 8a 
T= vo F i == {0 
276 t 
v= gv = 36¢ 
r  8acl, « 
oo ac oa 4 a a 
276R 6 369 
Ss 210 a 
- *( C 9 4 3¢ ‘) 
b\27R 39 


and substituting the value of # just found, 


Tat] 8& 2-01 (39 — 1)-9 , 39 — | 
= 351 27R* 2 39 
2] - 35¢ 


which contains no arbitrary constant except S, but does contain 


the factor a/ which depends upon the properties of the substance. 


iy a 8C 2 
= BLark* 3 


which enables us to express V/ entirely in terms of the properties 


At the critical state 


of the critical state. 


8 Cre @ (38 *. 39—1 
U 27R' 2 ) r 39 
a sc 2 
27 R + 3 
or letting 
g=4 
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s 
ts 9 au a, 2 au» 
8 ¢,, | 34 ‘) 4 3x4 — I 
__ 27 R 2 34 
a 8 C é 2 
27 Rk 3 


The general properties of this equation are very much the same for 
) 


_ a 
« the different values of the ratio C For my computations I have 


selected the value 2/7, suggested by the Kinetic Theory for such 


triatomic gases as H,O and CO,. For these it becomes. 


I 42—1\7 34 — I 
<4(* ) 4 9 3 


(9) an 23 2 46 x 


The general form of the surface is shown by Fig. 2, sections by 


planes of constant entropy, v = const. 








— 
Fig. 2. 


ISOTHERMALS. 


Equation (7) becomes, dividing both members by C, and substi- 
tuting the new variables, 
» 


; R 
(10) y = log os C log 


37+ — I 
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These curves are shown in Fig. 3 for the same values of # which 


were employed in Fig. 1. 
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ISOPIESTICS. 
Similarly substituting in (2) the value of # in (8), and changing 
the coordinates, we obtain as the equation of the isopiestics, 
5 


“ 9 ea I 
(11) y = log (« +2.) + ~ log : —— — log 4. 


y 2 
These curves also are shown in Fig. 3. 
LINE OF INSTABILITY. 


The unstable and explosive condition corresponding to certain 
states of a substance following van der Waals’ equation is character- 
ized by the fact that when the temperature is kept. constant an in- 
crease of volume is accompanied by an increase of pressure, and 
vice versa, or analytically 

Op > © 


c U7 = Const) 





| 
| 
| 
: 
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The curve limiting this unstable region will then have the differential 
equation 


Cs 


= == QO. 
CF (8) 


It is most convenient to obtain this directly from (2), writing 


Si 3 
linen OP 7 n? 
wes 
On 3°80 6 
i hi iv 34 = 0, 
o¢ (39-1) ¢ 
; (39 — 1)? 
40 = a . 
yg” 


to 
wo) 
S 
— 
Ww 


(12) t= ——, _ 


§ 

=] 
to 
“ 


the equation of the broken line in Fig. 1. Eliminating instead with 


(8), and making the same substitutions as before, we have 


16 


I (s* _ _ 
CO = 
- 2 


16 34 — I 
yum — log — 3 log x, 


(13) 


or eliminating y by the equation of the surface, (9) 


14 I (3*—1\° 9 3x¥-—I 
( 14) s= 3 ) + 5 a ’ 
23.2 2 46 4 
whose projections are given by the broken lines in Figs. 2 and 3, 
respectively. 
REGION OF Two PHASEs. 
It is a familiar fact that while van der Waals’ Equation, ap- 
parently applying to both the liquid and vapor phases, suggests 


only such transformations from one phase to the other as shall keep 
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the substance considered in one homogeneous phase, the actual 
transformations are usually effected by the discontinuous process of 
vaporization, during which the substance is non-homogeneous, 
being present in both the liquid and vapor phases at the same time. 
The actual isothermal of this process is represented in figure 1 for 
the temperature } = 34 bya horizontal straight line, intersecting the 
ideal isothermal in three points. In Gibbs’ Model, as Maxwell has 
shown,’ such an isothermal is given by a line connecting the two 
points of tangency of a plane resting upon the model. We may 
then attempt to locate the boundary line separating the regions 
representing a single phase from those referring to the co-existence 
of two phases by either of two methods. 

If the area under the actual and under the ideal isothermals is to 
be the same, if we call the volume of the liquid just ready to vapor- 
ize y,, and that of the saturated vapor ¢,, both at the temperature 


3 and the pressure //, then 


“Ide - “nde = “( ou = *.)4g 


e >; e od, ‘dy 3¢ = I go 
or integrating, 


5 3g, — I I I 

I(¢,—¢,)= o log oF? + 3 _ ~) » 
3 ma Y2 ¥1 

and since van der Waals’ equation itself still applies to the saturated 


vapor and liquid 


Three equations which are sufficient to give the relations between //, 
¢,, ¢, and # if we can solve them. If we do obtain the solution, 
we can plot the locus of ¢g, and ¢, in Fig. 1, and by algebraic trans- 
formations find the corresponding locus in Fig. 2, and Fig. 3. 
Or, we may attempt the direct solution. The equation of the 


surface of our model (9g), is of the form 


1 Theory of Heat, pp. 195-205. 
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t= me’ ( _ lhl ) + Hn — 


x 
The equation of a plane is 
ssar+bhyt+e. 


If now the plane touch the surface at two points 2’, y’, 2’, 2’, y/", 2”, 


the coordinates of these points must satisfy both equations, giv- 


ing us 
a7! on? / 
om vie =! : lll 
= me" ( ) + 2 — 
2 4 
wv nf mad 
{3x —1 34n' — I 
o/' = mew" (? +22 ; 
2 iad 


Sf =a’ + by’ +6, 
= ar’ + by" +. 
The fact that the plane and surface are mutually tangent makes the 


slopes in the principal directions the same, or 


az! 3 =) se 3a’ — I 
= aa — — MTC + i , 
Ox! 2 2 ¥ 

az!" 3 3K! —1y0 3a — 1 
= =@= — —- mre’ ‘ 1 72 - 

ax! * eo 2 co. ee 
dz" ) £38 = ty" 

— =b= me" : 

Cy 2 

az" a (387 —1\7 

—_=b= me ; 

Cy 2 


A point «yz which lies on the line connecting the two points of 


tangency will satisfy the two equations 


y— x’ ” yl 
r—xv x —x" 

; ; air 
o_ 2’ <a gy 


which gives us ten equations between which we may eliminate the 


/ / af +f of 7 


six coordinates, x’, y’, 2’, +’’, y’’, <’’ and the three constants a, 4, c, 


still leaving an equation involving x, y, z, which is the equation of 
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the developable surface generated by a plane rolling on the model. 
The intersection of this surface with our model will be the line de- 
sired, separating the regions relating to one phase from that relating 
to two phases. 

These two analytical methods of solution are here given for the 
sake of completeness. <A direct and complete solution by algebraic 
methods does not seem possible, and lack of time has prevented 
my attempting approximate or graphical methods of solution. The 
horizontal portion of the isothermal # = 34, in Fig. 1, was actu- 
ally drawn by the method of trial, so as to make the areas included 


between it and the two segments of the ideal isothermal equal. This 








enabled the line of separation to be drawn of approximately the 


right position and form. 








No. 5.] VAN DER WAALS’ EQUATION. 301 


DISCUSSION. 


The lines of the various figures form a network which is to be con- 
sidered as spread out over the surface of either model. These lines 
are lines of constant volume, constant pressure, constant tempera- 
ture, and constant entropy. Fig. 1 is slightly less complex than 
Fig. 3, lacking the system of isentropics. Except for this there must 
be a one to one correspondence between the two net-works, since 
they represent identically the same properties, thus the same lines 
pass through the critical point in each, and in each the same lines 
have points of tangency or intersection for the same values of x. 

In the more specific discussion of the lines of Fig. 3, it is well to 
compare it with Fig. 4, which is taken from Maxwell.’ An impor- 
tant difference which must be taken into account is that Fig. 3, refers 
only to the liquid and gaseous states, while Fig. 4 has also a region 
referring to the solid state. 

The zsothermals are indicated in Fig. 3 by the letter , in Fig. 
4 by the letter 7. An adiabatic or isentropic increase of volume is, 
so far as I know, under all circumstances accompanied by a fall of 
temperature. This property appears in Fig. 3 in which the iso- 
thermals slope downward to the right, but not in Fig. 4, in which 
they slope in general upward to the right, but occasionally have 
singular forms. 

The ¢sofiestics are indicated in Fig. 3 by the letter z, in Fig. 4 


by the letter ?. The general form of a line of constant negative 


pressure it given by the curve 7=—¥1. It has either two or no 
intersections with an isothermal, being tangent in one special case 
for each isopiestic. This property appears from Fig. 1. Each 
negative isopiestic passes off to infinity becoming asymptotic to a 
vertical line. The one shown has for its asymptote the line + = ¥ 3. 
The limiting case is the line 7=0. Like all the other isopiestics 
it is asymptotic to the line = '%. Itcuts all the isothermals twice 


or not at all, being tangent to one particular isothermal, and ap- 
proaches parallelism to the isothermals, after cutting above them 
all, for «= @. This corresponds to the fact that in Fig. 1 the 
axis 7 = O is an asymptote to all the isothermals. Another limit- 


1 Theory of Heat, p. 207. 
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ing case is the line z = 1, which is tangent to the isothermal # = 1 
at the critical point, and cuts every other isothermal once only. An 
example of an intermediate case is the isopiestic z= 1%, which cuts 


every isothermal either once or three times. The other case is il- 
lustrated by the lines z = 2 and z = 3 which cut every isothermal 
once only. All these properties appear from figure 1, and the fact 
that they also appear in Fig. 3, may be taken as a check upon the 
accuracy of the drawing. In general, the isopiestics for positive 
pressures slope downward to the right, although for very small 
pressures less than z = ¥% they may in the middle of the field slope 
up to the right. This does not appear in Fig. 4, which also does 
not exhibit the bunching of lines asymptotic to x = 1%. The line 
Fes 
line z= — I. 

The Line of /nstability, represented by the broken line in Fig. 


which represents a negative pressure, is not entirely unlike the 


3, and by the dotted line in Fig. 4, has in the two cases not dis- 
similar properties, but in the former it dips below the level of the 
critical point, and passes off to infinity horizontal. 

The line dividing the regions corresponding to a single phase from 
that corresponding to two co-existant phases is represented in both 
figures by a heavy line, which passes through the critical point and 
is there tangent to the critical isothermal, critical isopiestic, and the 
line of instability. It cuts all the isothermals below the critical 
twice, and all the positive isopiestics below the critical twice. In 
figure 3 it lies entirely between the isopiestics z= Oandz=1. At 
the critical point it passes below the level of the critical point, and 
passes off to infinity horizontal, as do the isothermals. It appears 
immediately from this diagram that the adiabatic expansion of a 
saturated vapor would result in partial condensation. Whether 
this line would in other regions at lower temperatures have such 
a form that adiabatic expansion would superheat a saturated vapor 
could only be told if we were able to obtain an analytic solution for 
the line, or plot it point by point. The matter is not of great im- 
portance, as we are dealing only with an equation, and not an actual 
substance. 

The lines of Fig. 3 have all been plotted from their equations, 


with the exception of the one last discussed, which, however, we 
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have been able to draw with fair accuracy from our knowledge of 
its relations to the other lines of the figure. If the axes of co- 
ordinates of Fig. 4 are to be considered as similarly situated, the 
discrepancy between the two is very considerable, and very trouble- 
some. If, however, the axes are to be taken as obliquely as they 
are drawn, v corresponding to « and ¢ to y, or if we regard Fig. 4 
as a perspective drawing rather than a projection on one of the 
principal planes, the discrepancies, while by no means disappearing, 
become much less. 


UNIVERSITY OF CALIFORNIA, 
BERKELEY, CALIFORNIA, July 2, 1900. 








304 JOHN CUTLER SHEDD. [VoL. XI. 


ON THE FORMS OF CURVES PRESENTED BY THE 
MICHELSON INTERFEROMETER. 
By JOHN CUTLER SHED! 
PRELIMINARY. 

HE theory of the interference phenomena produced by this 
instrument has been entered into somewhat in detail by 
Professor A. A. Michelson.’ In the present paper it is proposed, 
first to follow the ground plan presented by Professor Michelson 

and then to give a point of view which is believed to be novel. 

PART I. 

In Fig. 1 is given a plan view of the usual form of interferometer. 


A 
vi 


re. 1 


M,M, = heavily silvered mirrors. 


‘ 
— 


= plate, half silvered on side toward J7/, 

C = plate of same thickness as A and placed parallel to it. Plate 
C is called the compensator. 

M, is on a movable carriage controlled by screw S. 

The interference pattern is viewed by the eye, or telescope, placed 
at 7. 


1 Phil. Mag. [5], 13, 1882, pp. 236-242. 
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It is evident that the mirror J/, may be regarded as occupying a 
position behind JZ, as shown in the dotted lines. Regarding J/, as 
so placed, we may, as has been shown by Professor Michelson, sup- 
press everything excepting J/, and JZ. 

Let de be drawn parallel to the line of intersection of the planes 
of M, and J, and let the angle of intersection be ¢. 

The whole phenomenon may now be discussed on the basis of a 
source of light S placed in the plane of J7, and of its image in J/,. 


l 
In this discussion the following notation will be used: 


t+, = Perpendicular distance between J7, and M%/,. On the in- 
strument this is controlled by the screw S (Fig. 1). 
gy = Angle between JZ, and J/,._ This is controlled by adjust- 


ing screws at the back of JZ. 

P = Perpendicular distance from J/, to the plane containing the 
interference pattern. This plane of maximum distinct- 
ness is called the focal plane. 

@ = Angle subtended by the source of light at point P on the 


focal plane, in a plane perpendicular to the plane of g¢. 


? = Same in plane parallel to plane of ¢. 
4 = Difference of path traversed by the two rays producing 


interference at 7. 
Professor Michelson has shown that the value of J is given by 
the equation 
¢,+ Ptanztan¢ 


4=2 ' 
V1 + tan’? 7+ tan’ ¢ 


(1) 


In general J has all values but the value which will give the most 
distinct fringes is given by the conditions 


od 
~ =z © 
ol 
and 
od 
~ = QO. 
Cl 


This gives the value of P for which the phenomenon of interfer- 
ence is most distinct. The value is 
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It follows from equation (2) that if 4, = 0 orz = 0 then P= 0 and 
the interference fringes are on the surface of 17. If 4;= oandg=o, 
or 2=oOand g=0 then / is indeterminate. If g=o then /, is 
everywhere uniform and P= o. If ¢g andz have same sign / is 
positive and the fringes are in front of 17. If ¢g andz have opposite 
signs ? is negative and the fringes are behind JZ. 

If MM, is behind J/, then ¢ is regarded as positive and ¢, as posi- 
tive. If M, is in front of J/, ¢ and 4 are both regarded as negative. 
The plane containing the interference pattern is called the Focal 
plane, and upon this plane the eye or telescope must be focused 
in order to get the most distinct view of the fringes. The Focal 
plane is parallel to the plane of J/, and at a distance / from it. 


Any point on the Focal plane is determined by the equations 


x= /Ptanz | 


y = Ptan 0 | (3) 


and the form of curve produced in the interference pattern is found 
by substituting equations (3) in equation (1). This gives the fol- 


lowing equation of the interference curves : 
2,2 oe 2\.2 1 @4 D2¢.- — 22 2 2 
£y = (4P? tan’? g — J*)a’ + 84,P* tan gx + P(4t°— 4). (4) 


The further discussion of the subject is an analysis of equation 
(4), and it is very essential to its good understanding that every 
term involved be thoroughly apprehended. We therefore repeat : 

2/, = Perpendicular distance between J/ and its image in J/,, 

optically tonsidered [this reduces to the value of J 
when z and @ both are zero]. 

gy = angle that J/,/, make with each other [physically the 

angle by which they differ from 90°]. 

P= Perpendicular distance of the focal plane from JZ. 

i, = Angles of incidence upon the focal plane, of the interfering 
beams: 7, being measured in the plane parallel to and 
@ in the plane normal to the plane of ¢g. The focal 
plane is normal both to the plane of z and of @. 

4 = Difference of path of the interfering beams. 

In the article already referred to Professor Michelson expresses 


equation (4) in the equivalent form 








a 
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Ay? = (45°K? — 2x7 4+ 8TSKDx 4+ (47?— #)D* (5) 


and then points out what curves are represented by equation (5) 
and the values of the constants necessary in each case. 

It would seem to be equally as simple and more satisfactory to 
refer directly to equation (4). The following are the principal cases 
that arise. 


(1) 4=0; Equation (4) becomes 


ty 
* = tan ¢y (6) 
representing a straight line. 
(2) ¢g =0; then 
P? 
we+y= £ (44, bo 4”) (7) 


giving circular fringes. 


(3) 4=2Ptang. In this case equation (4) becomes 


2_ 4°, 
7 =! 4, (8) 


In equation (8) this axis of y has been shifted so that 


ea p4o — J 
a sein 4/4 


thus giving the central equation. Equation (8) is that of a parabola 
(4) 4J> 2Ptan ¢g; Equation (4) takes the form 


x v" 
A a a I (9) 
where 
7 &P*(4i? pure 2) 
~~ J — 4P* tan’? y 
and 


P= P41? — 4) 


thus giving the semi-axes of the ellipse 


(5) 4<2Ptang. In this case the hyperbola 


A? = Be = I (10) 
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is obtained where 
2 p2 2 2 
4 P*( da’ — 4f,") 
a’ — 4P* tan’ ¢ 


A? = 


and 
B= PL — 41,”). 


A more detailed consideration of these cases is reserved for the sec- 


ond part of the paper. 


PART II. 

The curves just considered may also be very readily developed 
by considering their eccentricity. The general expression for the 
eccentricity of equation (4) is 

e=V1+A4/B 
where 4 is the coefficient of +? and B& of »*. In the present case 
this becomes the very simple expression 


2P tan ¢ 


¢ = J (I1) 
Also since in equation (2) 
? = ———— tan 2 
tan ¢ 
we get 
27, tan z 
e= 7 (12) 


Finally substituting the value of J given in equation (1) we get 


eé= sinzcosi “1 + tan’?2 + tan’? @ (13) 

or 
e= sing V1 + tan’ @ cos? 7. (14) 
The various cases that rise can be readily covered by equations (11) 


to (14). The following will be considered. 
Case 1. 4=0; then by equation (11) or (12) 


) 


@= © (I 


uw 


and the curves are straight lines. If, however, 4, be also zero, then 
by equations (11) or (12) ¢ is indeterminate. The meaning of this 


is that mirrors J/, and J, coincide and hence there is but a single 
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source of light. The conditions therefore are not favorable for inter- 
ference. 

However, if 4, = 0 and g > o then P= 0 and it is also apparent 
that both z and @ are zero. Ifzand @ are both zero it is apparent 
by equation (13) that e =o, and the curves if existent, would be 
circles. This point will be returned to later. 

Case 2. t,=0 and g>0; then P=0o, and the central band 
will be a straight line (corresponding to J = oand ¢ = o) flanked 
on either side by bands of opposite curvature (J >oe< o@). 
The fringes on one side are behind the mirror (7 negative) while 
those on the other side are in front of the mirror (P positive). 

Referring to equations (1) and (11) viz. : 


¢+/Ptanz tan g¢g 


= 2 + (I 
“1 + tan*7 + tan 6 ) 
and 
2P tan ¢ 
é= J (11) 


we see that since ? is small, being zero for the central band, the values 
of z and @ rapidly increase, hence (4, also being very small) the value 
of J is small (Eq. 1) and the value of ¢ (Eq. 11) will be very large. 
The larger the value of gy the more rapidly does ¢ change (7 being 
in the plane of gy) and the more slowly does the value of ¢ fall. 
Furthermore the central straight band lies parallel to the intersec- 
tion of JZ, and MW, and hence the more rapidly z changes (7. ¢., the 
larger the value of g) the closer together will the fringes be. 
Hence as ¢ is made to increase the field becomes covered with nar- 
row fringes that are practically straight lines. If now J/, be made 
to recede, so as to increase /,, the fringes soon appear curved. 
Again increasing the value of ¢ tends to make the fringes straight, 
but a limit is soon reached where they are too narrow to be dis- 
tinguishable. 

For work over a limited range of ¢ 


»» it is frequently convenient 
to use straight fringes. It is also apparent that under these condi- 
tions / is practically zero and hence the telescope is to be focused 


on mirror J7. 


| 
i 
| 
| 
i 
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This point is very well illustrated in the work of Morley and 
Rogers in their research on the thermal expansion of metals.’ 

Case 3. g=0. Inthis case e =o and the fringes are circles. 
If ¢ =o then P=o (Eq. 2) and the telescope must be focused 
for parallel light. Regarding equation (7) we see that the radius 
of each circle is 


» P 
R= WY (24 + 4) (2t, — 4). 


But 2¢,— 4 = wd and 2¢,+ J = 24 (approximately), so that 


—" mh ee 
R=f (approximately). 


.. Rxdvnx showing that the circular fringes follow the same law 
as do Newton’s rings. 
Case 4. yg > oO, but small. We obtain by equation (6), if we 


put 24, = J, and from equation (12) 
é = tan z. (15) 


For small values of z the fringes are circular, becoming elliptical as 
zincreases. Thus for values of z< 5°, ¢e<o.1. 

It is easy to so adjust 4, and ¢ that circular fringes shall be seen 
in the center of the field of view, surrounded by increasingly ellip- 
tical fringes as z increases in value. 

In this connection a very interesting case arises. For large values 
of ¢,, g and z being of opposite sign, the focal plain is behind JZ. 
Under these conditions 4, and ¢ are positive, 7 and P negative. By 
equation (2) J is negative and ¢, of course, positive. Also for large 
values of 4, the value of P given by equation (3) is large, and the 
value of z is necessarily very small, hence e is small (Eq. (12)), 
and the fringes are circles. If now J/, be advanced until 7, =o 
then P=o (Eq. (2)) and the focal plane is on M, or, more 
correctly, the focal plane intersects J/, in the field of vision. At 
this point ¢ = tan 7 (practically) and the fringes are still circles. 
Since 4, = 0 at this point circular chromatic fringes may be obtained. 
These fringes are beautifully distinct and brilliant. 


1 PHYSICAL REVIEW, Vol, IV, p. 7, 1896. 
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If JZ, be still further advanced so as to bring J, in front of J/, 
then ¢, and ¢ change sign, becoming negative; and P? become 


positive, while J remains negative." 
The value of J then becomes 


J —/,+Ptanztan ¢ 
=2 
Vi + tan’? + tan’¢ 


and ¢,> P tan 7 tan ¢g, so that J is negative. As JZ is still further 
advanced /, increases in value and so also P. For a time the value 
of J will diminish and the value of e (Eqs. II or 12) increase. 
The result is that the curves rapidly change from circles (¢e = 0) 4, 
ellipses (e >> 0 but <1) then to the parabola (e=1) becoming 
hyperbolz (e¢ > 1) and finally giving the straight line? (e = @),. 

If after the minimum value of J is reached ¢, be still further in- 
creased in value, the increased value of P is more than counter- 
balanced by the diminished value of tan 7, so that the term /P tan z 
tan ~ diminishes in value. The value of J therefore increases and 
the value of ¢ diminishes. The result is that when JZ, is further 
advanced the curves change curvature (the conjugate hyperbole 
coming into view) and pass through the hyperbolic, parabolic, ellip- 
tic forms and finally again appear as circles. 

The foregoing case furnishes a very ready method of finding the 
chromatic fringes (zero position of the instrument) without any 
previous acquaintance with the instrument. The scheme is as fol- 
lows: Having secured fringes with the sodium flame in the usual 
manner, run J/, out 6 or 7 mm. and adjust J/, so that the parallax 
isa minimum. This will give a small value of g. Now advance 
M, through the zero position until the curves are hyperbole. 
Finally reverse the motion and let J/, recede until the fringes just 
begin to become circular. If, now, white light be substituted for the 
sodium flame, and 7, be made to slowly recede by means of the 

1 The negative sign before J indicates that the increment of J, as 7 increases, is a 
diminishing increment. ‘The result is that the focal plane becomes a curved surface con- 
cave to the observer for negative values of 7? (/ diminishing as 7 increases in value). 
This can be detected by the eye, the fringes appearing to lie on a concave surface. 

2'This will depend upon whether 4 becomes zero or merely reaches a minimum value and 
then increases again. On the instrument J may be controlled, and the fringes made to 


be practically straight lines. 
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tangent screw, chromatic fringes quickly appear. So distinct are 
they that the diffused light of the room is sufficient to give them 
very clearly. 

Case 5. 4=2Ptangor4d=24, tang. 

In this case ¢ = I. (16) 


Putting this value in equation (13) we obtain 
I=sinzcos7 “1 + tan’7 + tan’, 
which may be reduced to the form 


I 
sin @ = ==" (17) 
Yr + sin? z 


The limiting values of # and z are 
t= + 90°, and 6 = 90° + 45°. 


It is thus evident that the parabola cannot be seen unless 6 > 45° ; 
and it is equally evident that # cannot have this value unless the 


[his explains why the parabola is 


focal plane is quite close to J/ 
only seen for small values of 4,; or large values of ¢, giving small 
values for P. 

Case6. 4<2P tang or J < 2¢, tan z. 

Then ¢> 1, and the curves are hyperbole. What has been 
said under Case 5, as to the value of 4, and ¢ holds equally for this 
case, showing that the hyperbolic curves are only observed when 
the value of ¢ is very small. 

Case 7. The Equilateral Hyperbola. 

In this case ¢ = ,/2 and equation (14) reduces to 

2 
tan @ = — + sin? 7 — I. (18) 
sin* 2 

The following table based upon equation (18) shows the relation 
of z and @. 

If z and @ be interchanged the conjugate system of hyperbole is 
obtained. Inthe general case of the hyperbola the minimum value 
of # was found to be 45°. In the equilateral hyperbola the mini- 
mum value is 54°, showing that in this case the range of 4, is still 


more restricted than in the general case. 





) 











— 


} 
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TABLE I. 
sin 7 Z tan 6 6 P 
Z 
0 0° - 90° ° yo=0 
tan @ 
0.5 30° 2.7 70°— : ‘ £0.58 
ano 
0.707 45° 1.87 62° ~ £1 
ang 
0.877 60° 1.58 58°- -s £1.73 
ang 
l 90° 1.4 54°40/ ~ — 
an ¢ 


Case 7. Rotation of the Compensator. It is very instructive, for 
a given setting of the mirror J/,, to slowly rotate the compensating 
plate (C, Fig. 1). The effect of such rotation is to change the length 
of path through the glass, and hence to alter the value of ¢,. If 
the value of 7, be already large, this change will not appreciably 
effect either the value of P (Eq. 2) or that of J (Eq. 1), and hence 
the value of ¢ remains sensibly unaltered. 

If, however, 7, be small the rotation of the compensator will pro- 
duce a large relative change in ¢, and hence a large change in 
both J and /, resulting in a rapid change in the value of ¢. 

For example, if the value of 7, be small, and the compensating 
plate be parallel to plate A ; then on rotation such as to diminish 
the optical path through the glass, the circular fringes are seen to 
change to the elliptical form, the value of e becoming greater than 
zero. 

As ¢, becomes still smaller, due to further rotation of the com- 
pensator, ¢ increases in value, and, corresponding to this the fringes 
pass through the Parabolic, into the hyperbolic form. Soon the 
conjugate system of hyperbola appear in the field of view, present- 
ing a very pretty sight. If the compensator be rotated until it be- 
comes parallel to J/, the behavior of the fringes changes. As the 
parallel position is passed the direction of motion of the fringes 
reverses, and the value of ¢, begins to increase. The reversal in 
the movement of the fringes furnishes a very sensitive test for the 


parallelism of plates C and J/ (Fig. 1). This test for parallelism 
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might, from its sensitiveness, be made of more than passing value 
in other lines of work. 

Case8. g=0; %4,=0. Under these conditions P is indeter- 
minate (Eq. 2). Therefore J is indeterminate (Eq. 1), and so 
also e by equations (11) or (12). If 40 it is apparent that J7/, 
and M, coincide, and, as has already been pointed out, there should 
be no interference and hence no interference pattern. 

This however will depend upon whether the two beams of light 
are exactly in phase. Now since one beam suffers internal and the 
other external reflection at plate A, if a difference of phase other 
than } 4 takes place interference would result and an interference 
pattern would be seen. Since J/, and J, coincide the values of z 
and @ would seem to be 0°, and the value of e by equation (13) 
would then be 

é= sin 72 cos? 7] 4 tan? 7+ tan 
(19) 
é=0 
and hence the fringes would be circles. Or we may consider that 
a difference of phase between the two beams, due to any cause, 
would be equivalent to a finite value for 4. Then since g =o, 
e would be zero by equation (11). 

In the case of white light, in addition to the difference of phase 
due to reflection, the compensating plate C introduces a disper- 
sion’ effect (excepting when C is strictly parallel to A) thus (in 
general) adding to the phase difference. 

The result is that very brilliant chromatic c7rcu/ar fringes are to 
be seen even when g = Oand7¢,=0. The presence of fringes fur- 
nishes a test for the presence of a phase difference produced by re- 
flection. Under these conditions as many as 147 circular chromatic 
fringes have been counted. 

Equation (13), perhaps, sums up all of the preceding cases in as 
concise a manner as is possible. When @ is large it is evident that z 
and #@ must both be very small and hence e = 0 (practically). As 
t, becomes smaller the possible values of z and @ are larger giving 
the successively larger values for e. 

1 This is the ‘* chromatism’’ investigated by Conn, C. R. t, xciii, 1881 and by Michel 


son, Phil. May [5] 13, 236, 1882. 
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It is fascinating to observe the transformation of the interference 
fringes as they pass from one form of curve to another. Not only 
are the phenomena very beautiful in themselves but there is no bet- 
ter way of becoming thoroughly conversant with this admirable 
and many-sided instrument than is furnished by the study of the 
manifold curves presented by the interferometer. For the verifica- 
tion of the deductions given in this paper, I wish to thank Mr. A. 
C. Scott, of the staff of the Agricultural College, Kingston, R. L, 
who during the past summer collaborated with me in the physical 
laboratory of the University of Wisconsin. 


PHYSICAL LABORATORY, COLORADO COLLEGE. 
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NEW BOOKS. 


The Strength of Materials. By J. A. Ewtnc. Cambridge Uni- 
versity Press; New York, The Macmillan Co., 1899. Pp. xii+245. 
The work above referred to was printed at the University press, Cam- 

bridge, in 1899, and as we learn from the preface, is intended principally 

to set forth briefly a lecture room treatment of the subject which is to be 
supplemented by laboratory and drawing office work. 

The book contains twelve chapters and an appendix and constitutes a 
most excellent treatise on the subject. So far as it relates to the applica- 
tion of mathematics to the strength of materials it is decidedly the best 
work published, for the student. Throughout the entire book the dis- 
tinction between stress and strain is made prominent, and although the 
terms are used correctly they are used in an entirely different sense from 
that of some American writers on the subject. Stress is defined as the 
mutual action between two bodies or between two parts of a body whereby 
each of the two exerts a force upon the other. Strain is defined as a 
change of shape produced by stress. Many of the American writers use 
the word s/rain in the sense of stress as defined above. ‘The distinction 
made by Professor Ewing is to be commended, as it is believed that the 
theory relating to the strength of materials would be much simplified if 
all writers would adopt these terms and use them in this manner. 

The theoretical discussions are stated with admirable clearness and the 
book covers the broad mathematical field relating to strength of materials 
and its application to frames and simple trusses thoroughly. ‘The method 
of treatment makes it well adapted for use as a text-book. 

A chapter is devoted to the Testing of Materials in which considerable 
information is given regarding testing machines. ‘This chapter is the 
only one which is open to criticism from an American standpoint. All 
the testing machines illustrated are either of an antiquated type or are 
those manufactured by English builders. The forms are, from an Ameri- 
can standpoint, unmechanical, unwieldy and awkward to use although 
doubtless giving accurate results. It would seem that a text-book in- 
tended for general use should present information pertaining to other 
forms of testing machines, especially when it is considered that the forms 
shown have only a very limited use and are confined to a country which 
at the present time is manufacturing only a very small fraction of the 
steel used for structural purposes by the world, and moreover this frac- 
tion is constantly diminishing. 
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On the whole the book is a valuable one as it presents in a small com- 
pass all the important principles and the results of the principal investi- 
gations made on this important subject. 

R. C. CARPENTER. 
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The dynamo shown gives a current of 
four ampéres, at an electromotive force of 
fifty volts. It will therefore permit of the 
employment of the ordinary 50-volt lamps 
of commerce for demonstration or experi- 
ment. It runs easily and is an_ ideal 


machine for the college and laboratory. 
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Vol. Il. Electricity and Magnetism, $2.25, ”e? 
Vol. III. Part I. Practical Acoustics, $1.10, ¢ 

PartIl. Heat and Light, /” /ress 


Laboratory Manual of Physics and Applied Electricity 
Arranged and Edited by EDWARD L. NICHOLS 


Professor of Physics in Cornell University 
IN TWO VOLUMES Vol. I. Cloth. Price $3.00, net 
JUNIOR COURSE IN GENERAL PHYSICS. By ERNEsT MERRITT and FREDERICK 
J. RoGERs. Vol. I. Cloth. pp. 444. Price $3.25, net 
SENIOR COURSES AND OUTLINES OF ADVANCED WORK By GeorcE S. MOLER, 
FREDERICK BEDELL, HOMER S. HoTcHKIss, CHAS. P. MATTHEWS, and THE EDITOR, 


A large proportion of the students for whom primarily this Manual is intended are preparing te 
become engineers, and special attention has been devoted to the needs of that class of readers. 


THE MACMILLAN COMPANY New York: 66 Fifth Avenue 


BOSTON CHICAGO SAN FRANCISCO 
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IMPORTANT PUBLICATIONS 


HISTORY OF MODERN PHILOSOPHY IN FRANCE, With twenty-three 
Portraits of French Philosophers. By Professor L. Lkvy-BrRUHL, Maitre de Con 
férences in the Sorbonne, Paris. Handsomely bound. Pages, 500. Price, $3.00 


( 12s. 


THE HISTORY OF THE DEVIL AND THE IDEA OF EVIL. From TH! 
EARLIEST TIME TO THE PRESENT DAy. By Dr. PAUL Carus. Printed in two colors 
from large type on fine paper. Bound in cloth, illuminated with cover stamp from 
Doré. 500 8vo pages, with 311 illustrations in black and tint. Price, $6.00 ( 30s. ). 


SCIENCE AND FAITH, or MAN As AN ANIMAL AND MAN AS A MEMBER O} 
SocieETY. WITH A DISCUSSION OF ANIMAL SOCIETIES. By Dr, PAUL TOPINARD, 
Late General Secretary of the Anthropological Society of Paris, and Sometime Pro 


s 


fessor in the School of Anthropology. Pp., 361. Price, cloth, gilt top, $1.50 
(6s. 6d. ) 

‘* A most interesting volume.’’—G/asgow /lerald, 

‘‘ Stimulating and suggestive.’’— 7he Scotsman. 


THE EVOLUTION OF GENERAL IDEAS. By Tu. Riot, Professor in the 
College de France. Authorized translation from the French by FRANCES A. WELBY 
Pp., xi, 231 Price, cloth, $1.25 (6s. 6d. ). 


i 


‘* All that he writes is lucid and suggestive, and the course of lectures here trans 
lated is a characteristic contribution to psychology.’’—Na/ur 


ELEMENTARY ILLUSTRATIONS OF THE DIFFERENTIAL AND IN- 
TEGRAL CALCULUS. By AuGustus DE MorGaAn. New reprint edition. 
With sub-headings and bibliography of English and foreign works on the Calculus. 
Red Cloth. Prix e. $1.00 ( 4s. 6d. *s 
‘*« The present work may be safely recommended to those students who are anxious 


to obtain a knowledge of the Calculus which shall be real and abiding,’’ 
— The Speaker, London. 


‘*It aims not at helping students to cram for examinations, but to give a scientific 
explanation of the rationale of these branches of mathematics. Like all that De Mor- 
gan wrote, it is accurate, clear, and philosophic.’’—Leterary World 

“* Tt would be difficult to overestimate the value of De Morgan’s works and of the 
importance of rigid accuracy upon which he everywhere insists.’’ 

— The Speaker, London. 


A BRIEF HI TORY OF MATHEMATIC. An Authorized Translation of Dr 
Karl Fink’s Geschichte der Elementar-Mathematik. By WoosTER WooDRUF! 
BEMAN and DAvip EUGENE SMITH. With biographical notes and full index. 
Pages, 333 + xii, Cloth, $1.50 ( 5S. 6d. de 


‘*Dr, Fink’s work is the most systematic attempt yet made to present a com- 
pendious history of mathematics.’’-— 7e Outlook. 


THE OPEN COURT PUBLISHING COMPANY 
324 Dearborn Street, Chicago, Ill 
Lonpon: Kegan Paul, Trench, Triibner & Co., Ltd. 
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